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Overview

Questions:

harmony perception

major or minor?

psychoacoustics

origin of scales

Answers:

periodicity detection in the brain

equal temperament as reference system

just noticeable differences in pitch

explanation for chords and scales

Periodicity Detection

0
1

� 1 1 2 3 4 5 6 7 8 9 10 11 12 13

0
1

1 2 3 4 5 6 7 8 9 10 11 12 13

Frieder Stolzenburg, Hochschule Harz, Wernigerode A Periodicity-Based Theory for Harmony Perception and Scales 2/16



Arti�cial Intelligence and Music

intelligence includes emotion, cognition, and creativity

what are underlying principles of music perception?

how can perceived sonority of chords and scales be explained?

� happy birthday - major version �
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Foundations of Musicology: Modes

Triads and their Inversions
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triads are usually built from thirds (i.e. steps of 3-4 semitones)

this leads to different musical modes (of western music)

association: major = happy/strong/bright; minor = sad/weak/dark

empirical results reveal preference ordering [1]:

major < minor < diminished < augmented

� happy birthday - minor version �
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Explanation 1: Overtones?

harmonic overtones are integer multiples of frequency f0

fn = n � f0

major triad appears early: overtones 4, 5, 6 and 3, 4, 5
(mistuned) small seventh is also present (overtone 7)
minor triad dif�cult to �nd (6, 7, 9 are mistuned)
diminished (5, 6, 7) appears before minor triad

Harmonic Overtones
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� harmonic overtones — series �
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Explanation 2: Dissonance and Tension?

Dissonance Curve

y =
�

x
a � exp

�
1 � x

a

�� b
with x =

�
�
� f1

f0
� 1

�
�
� (relative error)

dissonance of tone pairs computable wrt. overtones [2]

but: overtone spectrum varies largely among instruments

tonal tension: neighboring intervals of equal size

(psychological) tension should be resolved [3]

but: tension of suspended chords (fourths) is questionable

sound symbolism of rising or falling pitch (from augmented triad)

but: minor becomes major via rising pitch and vice versa

� happy birthday — augmented version �
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Discussion

Drawbacks of Former Explanations

only pairs or triples of tones are considered

many parameters: a, b, amplitude, phase shift, overtone spectra

but: timbre heavily depends on instrument or voice

only partial correlation with empirical results

Psychoacoustical Background

octave equivalence appears to be universal in music: f � 2f

Weber-Fechner law: physical magnitude of stimuli grows
exponentially — perceived intensity only linearly: fk = 12

p
2 k f0

just noticeable difference (JND) of (low) pitch difference < 1%

missing fundamental / virtual pitch derived from overtone series

adapt this concept to chords — independent of overtone spectra!
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Explanation 3: Relative Periodicity!

major triad: semitones f 0;4;7g, frequency ratios
�

1
1 ; 5

4 ; 3
2

�

relative periodicity (here: h = 4) of chord = key for harmonicity

Sinusoids of Major Triad

sin(w1t) + sin(w2t) + sin(w3t) wi = 2pfi Fi = fi=f1
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A Theory of Harmonicity

Harmonicity Hypothesis

Harmonicity h depends on relative rational approximated frequencies
f a1

b1
; : : : ; ak

bk
g of a chord. They determine the relative periodicity wrt. its

lowest frequency F1 = 1
1 . It is the least common multiple of the

denominators:
h = lcm(b1; : : : ;bk )

T1 = 1
F1

= 1
1

T2 = 1
F2

= 4
5

T3 = 1
F3

= 2
3

no assumptions on parameters are needed!

but: which rational frequencies should be used?
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Different Tunings

Table of Relative Frequencies

k equal temperament pythagorean overtonal rational
0 1.000 1/1 (0.00%) 1/1 (0.00%) 1/1 (0.00%)
1 1.059 37/211 (0.79%) 17/16 (0.29%) 16/15 (0.68%)
2 1.122 9/8 (0.23%) 9/8 (0.23%) 9/8 (0.23%)
3 1.189 39/214 (1.02%) 19/16 (–0.14%) 6/5 (0.91%)
4 1.260 81/64 (0.45%) 5/4 (–0.79%) 5/4 (–0.79%)
5 1.335 311/217 (1.25%) 21/16 (–1.67%) 4/3 (–0.11%)
6 1.414 36/29 (0.68%) 23/16 (1.65%) 17/12 (0.17%)
7 1.498 3/2 (0.11%) 3/2 (0.11%) 3/2 (0.11%)
8 1.587 38/212 (0.91%) 25/16 (–1.57%) 8/5 (0.79%)
9 1.682 27/16 (0.34%) 27/16 (0.34%) 5/3 (–0.90%)
10 1.782 310/215 (1.14%) 7/4 (–1.78%) 16/9 (–0.23%)
11 1.888 243/128 (0.57%) 15/8 (–0.68%) 15/8 (–0.68%)

well tempered: fk = 12
p

2 k — all keys sound equal
pythagorean: fk = 3m=2n — tuning by �fths (too im/precise)
overtonal: fk = m=2n — mistuned; very high overtones occur
rational: fractions (error< 1%) — more intonation than tuning
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Continued Fractions

Extended Euclidean Algorithm

x � c0 +
1

c1 +
1

c2 +
1

: : :

c0= bxc cn= b1=xn� 1c
x0= x � c0 xn= 1=xn� 1 � cn

a� 1= 1 a0= c0 an+ 1= an� 1 + cn+ 1an

b� 1= 0 b0= 1 bn+ 1= bn� 1 + cn+ 1bn

�nite for rational numbers — periodic for square roots

also relevant: Farey sequences, Stern-Brocot tree, and mediants
an

bn
approximates x best — with smallest possible denominator
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Examples

tritone = 6 semitones:
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Comparison of Different Approaches

Relative Sonorities of Common Triads

chord class empirical [1] tonalness [2] instability [3] harmonicity*
major f 0;4;7g 1 1 (0.48) 1 (0.624) 2 (4.0)

f 0;3;8g 2 6 (0.38) 5 (0.814) 3 (5.0)
f 0;5;9g 3 3 (0.43) 4 (0.780) 1 (3.0)

suspended f 0;5;7g 8 (1.175) 4 (6.0)
f 0;2;7g 11 (1.219) 5 (8.0)

f 0;5;10g 9 (1.191) 6 (9.0)
minor f 0;3;7g 4 4 (0.42) 2 (0.744) 7 (10.0)

f 0;4;9g 5 7 (0.38) 3 (0.756) 8 (12.0)
f 0;5;8g 6 10 (0.32) 6 (0.838) 9 (15.0)

diminished f 0;3;6g 7 9 (0.35) 12 (1.431) 13 (26.0)
f 0;3;9g 8 5 (0.40) 7 (1.114) 10 (16.6)
f 0;6;9g 9 8 (0.37) 10 (1.196) 12 (19.9)

augmented f 0;4;8g 10 2 (0.44) 13 (1.998) 11 (19.7)

harmonicity �ts best to empirical results
h� values are improved by averaging on inversions

� happy birthday — suspended version �
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From Chords to Scales

Harmonic Chords of more than 3 Tones

G
4444

pentachord = Emaj7/9

	 	 	 	 	
			
		

pentatonics

	 	 	 	 	

= E6/9

		
		
	

G
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diatonic scale

	 	 	 	 	 	 	

blues scale

	 	 6	 4		 	 	 6	

theory can be generalized from chords to scales

well-known scales above have low, i.e. good harmonicity values

they rank among the top 5% in their tone multiplicity category

all church modes are among top 11 of 462 scales with 7 tones!

� happy birthday — (soft) jazz version �
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Summary and Outlook

harmony perception correlates to relative period length of chords

frequency ratios computed by continued fractions

good correlation to empirical studies on sonority

perception in ear (spectral analysis) and brain (periodicity) [4]

neuro-science yields evidence for theory — neural timing nets [5]

open question: explain emotions associated with musical modes

Future Vision

music ; (timed hybrid) automata/network model ; emotion

� happy birthday — blues version �
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